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Abstract
We compute the strong coupling constant GB∗∗Bπ (GD∗∗Dπ), whereB
∗∗ (D∗∗)
is the 0+ P−wave bq¯ (cq¯) state, by QCD sum rules and by light-cone sum
rules. The two methods give compatible results in the limit mQ → ∞, with
a rather large value of the coupling constant. We apply the results to the
calculation of the hadronic widths of the positive parity B and D states and
to the chiral loop contribution to the ratio fDs/fD.
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I. INTRODUCTION
In the light quark (q = u, d, s) zero mass limit (mq → 0) and in the heavy quark (Q = c, b)
infinite mass limit (mQ →∞) Quantum Chromodynamics exhibits symmetries that are not
present in the finite mass theory: chiral SU(3)L×SU(3)R symmetry, heavy quark spin and
flavour symmetries [1], as well as the velocity superselection rule [2], valid insofar only strong
interactions are considered.
All these symmetries can be used to build up an effective chiral lagrangian [3] for light
pseudoscalar mesons and heavy (Qq¯) negative parity (JP = 0−, 1−) mesons. This effective
lagrangian contains a symmetric term plus corrections to the heavy-light symmetries such
as, for example, terms proportional to powers of 1/mQ or terms proportional to powers of
the light quark massesmq. In the spirit of the chiral effective theory, the resulting lagrangian
is also an expansion in the light meson fields derivatives.
Besides the octet of the pseudo-Goldstone bosons π,K, η and the (D, D∗), (B, B∗)
states, one can include the light vector mesons belonging to the low lying SU(3) nonet:
ρ, K∗, ω8, ω0, using the so-called hidden symmetry approach [4,5]. As well known, in this
approach [6] the lagrangian exhibits an extra local gauge symmetry SU(3)H , and the 1
− light
meson octet represents its gauge bosons. They acquire a mass because SU(3)H is sponta-
neously broken. Quite recently it has been observed [7] that, if SU(3)H is unbroken, a new
symmetry (vector symmetry) arises. Its implications for the heavy-light chiral lagrangian
have been examined in Ref. [8]. Additional notions arise, in general, when also axial-vector
bosons are present [9].
Another extension of the heavy-light lagrangian is obtained by including effective fields
describing positive parity (Qq¯) mesons. According to the value of the angular momentum of
the light degrees of freedom, (sPℓ =
1
2
+
, 3
2
+
) the Heavy Quark Effective Theory [10,11] pre-
dicts the existence of two multiplets, the first one comprising 0+ and 1+ mesons, the second
one containing 1+, 2+ states. The role of the 1
2
+
doublet (0+, 1+) in some applications of
2
chiral perturbation theory has been considered in [12]1. Another application is in the realm
of the semileptonic D and B decays [4].
The aim of the present paper is to give an estimate of the strong coupling constant
describing the interaction of the pseudoscalar light mesons with the positive parity (sPℓ =
1
2
+
) and negative parity (sPℓ =
1
2
−
) heavy mesons and to make quantitative estimates of the
effect of the positive parity heavy mesons in some calculations in chiral perturbation theory.
After a review of the heavy-light chiral lagrangian in Section II, we consider two sum
rules for these coupling constants: the first one, based on the method of the single Borel
transform (in the soft pion limit), is discussed in Section III, while in Section IV we derive
these couplings by the method of the light-cone sum rules [13] (for a review see [14]).
In Section V we compute the decay widths of the excited positive parity heavy mesons,
and we estimate the mixing angle between 1
2
+
and 3
2
+
axial vector states.
In Section VI we comment on the role of the positive parity heavy mesons in the chiral
loop contributions to the ratio fDs/fD, which, as observed in [12], may be considerable. We
find the numerical result:
fDs
fD
= 1.09 (1.1)
where part of the SU(3) violation effect fDs/fD 6= 1 may be attributed to positive parity
states.
Finally, in Section VII we draw our conclusions.
II. THE HEAVY-LIGHT CHIRAL LAGRANGIAN
In the effective heavy-light chiral lagrangian, the ground state (sPℓ =
1
2
−
) heavy mesons
are described by the 4× 4 Dirac matrix
1There is no coupling of the (sPℓ =
3
2
+
) states to the (0−, 1−) heavy meson doublet and to the
pseudoscalar Goldstone bosons at the lowest order in the chiral expansion [11].
3
Ha =
(1 + v/)
2
[P ∗aµγ
µ − Paγ5] (2.1)
where v is the heavy meson velocity, P ∗µa and Pa are annihilation operators of the 1
− and 0−
Qq¯a mesons (a = 1, 2, 3 for u, d and s): for charm, they are D
∗ and D respectively. Similarly,
the positive parity 1+ and 0+ (sPℓ =
1
2
+
) are described by
Sa =
1 + v/
2
[Dµ1γµγ5 −D0] . (2.2)
It should be observed that all the operators appearing in Eq. (2.1) and Eq. (2.2) have
dimension 3
2
since they contain a factor
√
mP in their definition.
As for the octet of the pseudo Goldstone bosons, one uses the exponential form:
ξ = exp
iM
fπ
(2.3)
where
M =


√
1
2
π0 +
√
1
6
η π+ K+
π− −
√
1
2
π0 +
√
1
6
η K0
K− K¯0 −
√
2
3
η


(2.4)
and fπ = 132MeV .
The lagrangian describing the fields H , S and ξ and their interactions, under the hypoth-
esis of chiral and spin-flavour symmetry and at the lowest order in light mesons derivatives
is:
L = f
2
π
8
< ∂µΣ∂µΣ
† > +i < Hbv
µDµbaH¯a >
+ < Sb (i v
µDµba − δba ∆)S¯a > + i g < Hbγµγ5AµbaH¯a >
+ i g′ < Sbγµγ5AµbaS¯a > + [i h < Sbγµγ5AµbaH¯a > + h.c.] (2.5)
where < . . . > means the trace, and
Dµba = δba∂µ + Vµba = δba∂µ + 1
2
(
ξ†∂µξ + ξ∂µξ
†
)
ba
(2.6)
Aµba = 1
2
(
ξ†∂µξ − ξ∂µξ†
)
ba
; (2.7)
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Σ = ξ2 and ∆ is the mass splitting of the Sa states from the ground state Ha. Numerically
we use ∆ = 500 ± 100 MeV, an estimate based on quark model [15] and QCD sum rules
[16] computations of the masses of the excited sPℓ =
1
2
+
mesons.
In Ref. [17] a QCD sum rule has been considered to compute the strong coupling constant
g appearing in Eq.(2.5), with the result (at the order αs = 0):
g = 0.39± 0.16 . (2.8)
This result, valid in the soft pion limit, has been confirmed by a subsequent, independent
analysis, based on the method of light-cone sum rules [18]:
g = 0.32± 0.02 . (2.9)
The results of similar sum rules for the strong coupling constant h in Eq.(2.5) will be
presented in the subsequent Sections.
III. QCD SUM RULE FOR h
Let use define the strong amplitude
GB∗∗Bπ = < π
+(q) Bo(q2)|B∗∗+(q1) > (3.1)
where B∗∗ is the 0+ state in the sPℓ =
1
2
+
doublet. The amplitude GB∗∗Bπ is related to
the strong coupling constant h appearing in the heavy-light chiral lagrangian (2.5) by the
formula:
GB∗∗Bπ = − √mBmB∗∗ m
2
B∗∗ −m2B
mB∗∗
h
fπ
. (3.2)
In the limit mb →∞ one has:
mB = mb + ω +O
(
1
mb
)
mB∗∗ −mB = ∆ + O
(
1
mb
)
(3.3)
5
and
GB∗∗Bπ ≃ −2h
fπ
mb ∆ (3.4)
In order to derive a sum rule for GB∗∗Bπ and h, we consider the correlator:
Aµ = i
∫
dx < π+(q)|T (j5(x)Vµ(0)|0 > e−iq2x = A(q21, q22, q2)qµ +B(q21 , q22, q2)Pµ (3.5)
where j5 = uiγ5b, Vµ = bγµd, q = q1 − q2 and P = q1 + q2. The scalar functions A and
B satisfy dispersion relations (D.R.) that are computed, according to the method of QCD
sum rules, in two ways: either by saturating the dispersion relation by physical hadronic
states, or by means of the operator product expansion (O.P.E.). In Ref [17] we considered
the dispersion relation for the scalar function A and we used it to compute the coupling
constant GB∗Bπ defined by the matrix element:
< π+(q) Bo(q2)|B∗+(q1, ǫ) > = GB∗Bπ ǫµ · qµ . (3.6)
We obtained the result:
fB fB∗ GB∗Bπ = 0.56± 0.12 GeV 2 (3.7)
while for charm we obtained:
fD fD∗ GD∗Dπ = 0.34± 0.08 GeV 2 . (3.8)
The leptonic decay constants appearing in the previous equations are defined as follows:
< 0|bγµγ5d|B(p) > = ifBpµ
< 0|uγµb|B∗(p, ǫ) > = i mB∗fB∗ ǫµ . (3.9)
It should be noticed that the phases in the previous equation are consistent with the defini-
tion of the weak current in the effective theory, see below Eq.(6.3).
In the following we shall make use also of the matrix element:
< 0|uγµb|B∗∗(p) >= ifB∗∗ pµ . (3.10)
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It may be observed that the hadronic side of the sum rule for A also includes the B∗∗ pole in
the variable q21 (the low lying pole in the variable q
2
2 is provided, of course, by the B meson).
In [17] one gets rid of it by exploiting the tiny mass difference between B and B∗, which
allows to include the JP = 0+ pole in the so called parasitic terms that may be appropriately
parametrized. Here we are interested precisely in this pole and, in order to obtain it, we
consider the dispersion relation for the scalar function B in Eq.(3.5) that should be written
in general as follows [19] :
B(q21 , q
2
2, q
2) =
1
π2
∫
dsds′
ρ(s, s′, q2)
(s− q21)(s′ − q22)
+
+ P1(q
2
1)
∫
ds′
ρ1(s
′, q2)
s′ − q22
+ P2(q
2
2)
∫
ds
ρ2(s, q
2)
s− q21
+ P3(q
2
1, q
2
2, q
2) .
(3.11)
As proven in [20] P1(q
2
1) = P2(q
2
2) = 0 since only this value of the polynomials P1(q
2
1)
and P2(q
2
2) is compatible with the vanishing of the form factors for large values of their
arguments, as predicted by quark counting rules. The subtraction polynomial P3(q
2
1 , q
2
2)
does not contribute to the sum rule since it vanishes after the Borel transform; therefore we
shall neglect it in the sequel.
In order to compute the D.R. for B, in this Section we make the approximation of the
soft pion limit (S.P.L.): q → 0. This approximation presents the advantage of a consider-
able simplification of the calculations; moreover in this scheme the limit mQ → ∞ can be
performed in a well defined way. On the other hand it might be argued that in the decay
B∗∗ → Bπ the pion momentum is not constrained to be small, since mB∗∗ −mB ≃ ∆ ≃ 500
MeV. We shall comment on the uncertainties introduced by a small pion momentum ap-
proximation in the next Section, where we shall present a light-cone sum rules calculation
of GB∗∗Bπ which is not based on S.P.L.
The problem arising in the soft pion limit is related to the fact that q = 0 implies
q21 = q
2
2. As a consequence, one cannot perform a double Borel transform in the variables
q21 , q
2
2, and the single Borelization procedure has to be used. As well known [19] in this way
one introduces unwanted not-exponentially suppressed contributions (the so called parasitic
7
terms) that have to be estimated2. We shall show in the sequel how this problem can be
solved. For the time being we consider the result of computing B(q21, q
2
1, 0) by OPE in the
soft pion limit. The result of a straightforward analysis (much similar to that considered in
Refs. [17,21]) is as follows:
B(q21, q
2
1, 0) = B
(0) +B(1) +B(2) +B(3) +B(4) +B(5) (3.12)
where
B(0) = −< uu >
fπ
1
q21 −m2b
B(1) = 0
B(2) = − m
2
0 < uu >
4fπ(q21 −m2b)2
[
1− 2m
2
b
q21 −m2b
]
B(3) = 0
B(4) =
m20 < uu >
4fπ(q
2
1 −m2b)2
B(5) = 0 . (3.13)
In Eqs. (3.13) < uu > is the quark condensate (< uu >= −(240MeV )3), m20 is defined by
the equation
< ugsσ ·Gu >= m20 < uu > (3.14)
and its numerical values is: m20 = 0.8 GeV
2. The origin of the different terms in Eq.(3.12)
is as follows. B(0) is the leading term in the short distance expansion; B(1), B(2) and B(3)
arise from the expansion of j5(x) at the first, second and third order in powers of x; B
(4)
and B(5) arise from the expansion of the heavy quark propagator at the second order and
from the zeroth and first term in the expansion of j5(x) respectively. We have considered
all the operators with dimension D ≤ 5 in the O.P.E. of the currents appearing in Eq.(3.5).
Let us now compute the hadronic side of the sum rule, that we call Bhad. We divide the
integration region into two regions D1, D2, as depicted in Fig. 1. D1 is bounded by the lines
s = m2b , s
′ = m2b and s+ s
′ = C. We assume that C satisfies the bounds:
2A similar situation is met computing gB∗Bπ by this method [17].
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min(s′0 +m
2
B∗∗ , s0 +m
2
B) ≥ C ≥ m2B∗∗ +m2B (3.15)
where s0 and s
′
0 are thresholds for continuum production in the variables s and s
′ respec-
tively. The bound in (3.15) is chosen in such a way that, inside D1, only the poles B
∗ and
B∗∗ (in the variable s) and B (in the variable s′) are included. Their contribution is as
follows:
Bpole(q
2
1 , q
2
1, 0) = −
GB∗BπfBfB∗mB(m
2
B∗ −m2B)
4mbmB∗(q
2
1 −m2B∗)(q21 −m2B)
− GB∗∗BπfBfB∗∗m
2
B
2mb(q
2
1 −m2B∗∗)(q21 −m2B)
. (3.16)
We observe that, due to the presence of the factor m2B∗−m2B the contribution of the 1− pole
is strongly depressed as compared to the term describing the 0+ resonance; in the mb →∞
limit, the ratio of the two terms is O( 1
m2
b
). We have checked that this suppression holds not
only for the beauty, but also for the charm, where the vector meson pole contribution is less
than 3% of the 0+ pole. For this reason we shall omit the 1− pole in the sequel and we shall
take only the scalar contribution in Eq.(3.16).
Let us now consider the region D2, where a continuum of resonances contributes. Fol-
lowing Ref. [22] we assume the following model for the hadronic dispersive function in this
region:
ρ(s, s′) = f(s, s′)δ(s− s′)θ(s + s′ − C) (region D2) . (3.17)
In order to justify this choice let us introduce the variables z = s− s′ and y = s+s′
2
. In these
new variables we write the hadronic side of the sum rule as follows:
Bhad(q
2
1, q
2
1, 0) = Bpole(q
2
1, q
2
1, 0) +Bcont(q
2
1) (3.18)
where the contribution of the continuum of resonances (region D2) is as follows:
Bcont(q
2
1) =
1
π2
∫ ∞
C/2
dy
∫ +2(y−m2
b
)
−2(y−m2
b
)
dz
1
(y + z
2
− q21)(y − z2 − q21)
ρ(y +
z
2
, y − z
2
) . (3.19)
Let us now rewrite the leading term in the O.P.E. expansion as an integral over the variables
z, y:
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B(0) = −< uu >
fπ
1
q21 −m2b
=
=
< uu >
fπ
∫ ∞
m2
b
dy
1
(y − q21)2
∫ +2(y−m2
b
)
−2(y−m2
b
)
dzδ(z) . (3.20)
To relate (3.19) and (3.20), one imposes local duality in y [22]; this means that inside the
region D2, i.e. for y ≥ C/2, the arguments of the y-integrals in Eqs. (3.19) and (3.20)
should be equal. This implies that (3.17) is valid with
f(s, s′) = π2
< uu >
fπ
(3.21)
which fixes the model of the hadronic continuum in the region D2. A justification for local
duality in the variable y can be obtained by explicit calculations in particular models [24].
Using these results we obtain, after the Borel transform, the following sum rule, which
as we have already observed, is valid only in the soft pion limit:
GB∗∗BπfBfB∗∗m
2
B
m2B∗∗ −m2B
[
e−m
2
B
/M2 − e−m2B∗∗/M2
]
= −2mb < uu >
fπ
[
e−m
2
b
/M2
[
1− m
2
bm
2
0
4M4
]
− eC/(2M2)
]
.
(3.22)
The sum rule is valid provided one imposes two conditions on the Borel parameterM2. First
one requires that the contribution of the continuum does not exceede the pole contributions
(for larger values this would produce uncontrollable uncertainties in GB∗∗Bπ due to our poor
knowledge of the continuum); this fixes the upper bound for M2. On the other hand, for
the O.P.E to be meaningful, we have to impose that the higher power terms in 1/M2 in
Eq.(3.22) have decreasing values, which fixes the lower bound forM2. For the beauty sector
we use the values mB∗∗ −mB = ∆ ≈ 500 ± 100 MeV, mb = 4.6 GeV , the parameter C in
the range (61 − 64) GeV 2 (with thresholds s0 = s′0 ≃ 36 GeV 2). The previous criteria are
satisfied for M2 in the range (15− 25) GeV 2. We get the result:
GB∗∗BπfBfB∗∗ = 0.43± 0.06 GeV 3 . (3.23)
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For charm, we use mD∗∗−mD ≈ ∆ = 500±100 MeV, mc = 1.35 GeV , and the parameter
C in the range(10− 14) GeV 2 (with thresholds s0 = s′0 ≃ 6 GeV 2). The criteria for M2 are
satisfied in the range M2 = (2− 8) GeV2, and one gets the result:
GD∗∗DπfDfD∗∗ = 0.38± 0.11 GeV 3 . (3.24)
To get GB∗∗Bπ and GD∗∗Dπ we use fB = 0.18 ± 0.03 GeV and fB∗∗ = 0.18 ± 0.03 GeV
[16] obtaining:
GB∗∗Bπ = 13.3± 4.8 GeV , (3.25)
while, using fD = 0.195± 0.020 GeV and fD∗∗ = 0.17± 0.02 GeV , [16] we obtain:
GD∗∗Dπ = 11.5± 4.0 GeV . (3.26)
We observe substantial violations of the scaling law GD∗∗Dπ/GB∗∗Bπ ≈ mcmb . On the other
hand the ratio R = GB∗∗BpifBfB∗∗
GD∗∗DpifDfD∗∗
is less sensitive to scaling violations (numerically we find
R ≃ 1.13, to be compared to the scaling prediction R = 1).
Let us now take the limit mb →∞. This limit is defined by Eqs. (3.3) and by a rescaling
of the Borel parameter M2:
M2 = 2mbE . (3.27)
In this way we obtain the asymptotic rule:
hFˆ Fˆ+
[
1 − e−∆/E
]
= 4 < uu >
[
eω/E(1 − m
2
0
16E2
) − e−δ/E
]
; (3.28)
the quantities δ, Fˆ and Fˆ+, defined by:
δ =
1
2mb
[
C
2
−m2B
]
Fˆ = fB
√
mB
Fˆ+ = fB∗∗
√
mB∗∗ (3.29)
remain finite in the infinite heavy quark mass limit, modulo logarithmic corrections. The
constraints on the Borel parameter imply that E must be in the range (0.5 − 1.4) GeV .
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Using ω = 0.50± 0.07 GeV, ∆ = 500 MeV, and δ = 400± 50 MeV the numerical outcome
of the sum rule is:
hFˆ Fˆ+ = − 0.072± 0.008 GeV 3 (3.30)
(the results are weakly dependent on δ). By the values Fˆ = 0.30 ± 0.05 GeV3/2 [23] and
Fˆ+ = 0.46± 0.06 GeV3/2 [16] we obtain:
h = − 0.52± 0.17 . (3.31)
IV. A LIGHT-CONE SUM RULES CALCULATION OF h
An independent calculation of the strong coupling h can be carried out using a method
that allows us to consider arbitrary momenta of the pion. We shall consider the correlation
function
A(q21, q
2
2, q
2) = i
∫
dx < π+(q)|T (j5(x)j(0)|0 > e−iq2x (4.1)
where j5 = iuγ5d (as before) and j = bd.
The method consists in expanding the T-product of the quark currents, appearing in
Eq.(4.1), near the light-cone, in terms of non-local operators whose matrix elements can be
written as wave functions of increasing twist.
This approach finds its origin in the analysis of hard exclusive processes in QCD [13];
within this framework, strong couplings (gωρπ, gπNN), form factors (such as πAγ
∗, the pion
form factor at intermediate momentum transferred) and nucleon magnetic moments have
been calculated [14]. Light-cone sum rules have also been used to calculate the form factors
governing B and D meson semileptonic decays [25], and the radiative B → K∗γ transition
[26].
In our calculation of h we follow the notations adopted by the recent paper by Belyaev
et al. [18] devoted to the calculation of the coupling constants gB∗Bπ and gD∗Dπ. Within the
light-cone sum rules approach the correlator Eq.(4.1) can be written as follows:
12
AQCD(q21, q
2
2, q
2) = −2mb < u¯u >
fπ
∫ 1
0
du
ϕP (u)
m2b − (q2 + uq)2
+
+ fπ(q2 · q)
∫ 1
0
du
{ ϕπ(u)
m2b − (q2 + uq)2
− 4g1(u)
[m2b − (q2 + uq)2]2
(
1 +
2m2b
m2b − (q2 + uq)2
)}
+ fπ(q2 · q)
∫ 1
0
du
∫
Dαi (1− 2u)χ(αi) + χ˜(αi)
[m2b − (q2 + q(α1 + uα3))2]2
. (4.2)
The pion wave functions ϕP (u), ϕπ(u) and g1(u) appear in the matrix elements of non-
local quark operators [18]:
< π(q)|d¯(x)γµγ5u(0)|0 > = −ifπqµ
∫ 1
0
dueiuqx(ϕπ(u) + x
2g1(u) +O(x4))
+ fπ(xµ − x
2qµ
qx
)
∫ 1
0
dueiuqxg2(u) , (4.3)
< π(q)|d¯(x)iγ5u(0)|0 > = fπm
2
π
mu +md
∫ 1
0
dueiuqxϕP (u) , (4.4)
where fpim
2
pi
mu+md
is related to the light-quark condensate < u¯u > by the current algebra
relation fpim
2
pi
mu+md
= −2<u¯u>
fpi
. It should be noticed that the path-ordered gauge factor
P exp (igs
∫ 1
0 dux
µAµ(ux)) has been omitted in the above matrix elements due to the choice
of the light-cone gauge xµAµ(x) = 0.
The functions χ(α1, α2, α3) and χ˜(α1, α2, α3) are combinations of twist-four wave func-
tions ϕ(α1, α2, α3) and ϕ˜(α1, α2, α3) [27]:
χ(α1, α2, α3) = 2ϕ⊥(α1, α2, α3)− ϕ‖(α1, α2, α3) (4.5)
and
χ˜(α1, α2, α3) = 2ϕ˜⊥(α1, α2, α3)− ϕ˜‖(α1, α2, α3) , (4.6)
where the functions ϕ and ϕ˜ parametrize the matrix elements of quark-gluon operators:
< π(q)|d¯(x)γµγ5gsGαβ(ux)u(0)|0 >=
fπ
[
qβ
(
gαµ − xαqµ
q · x
)
− qα
(
gβµ − xβqµ
q · x
)] ∫
Dαiϕ⊥(αi)eiqx(α1+uα3)
+fπ
qµ
q · x(qαxβ − qβxα)
∫
Dαiϕ‖(αi)eiqx(α1+uα3) (4.7)
and
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< π(q)|d¯(x)γµgsG˜αβ(ux)u(0)|0 >=
ifπ
[
qβ
(
gαµ − xαqµ
q · x
)
− qα
(
gβµ − xβqµ
q · x
)] ∫
Dαiϕ˜⊥(αi)eiqx(α1+uα3)
+ifπ
qµ
q · x(qαxβ − qβxα)
∫
Dαiϕ˜‖(αi)eiqx(α1+uα3) . (4.8)
In Eq. (4.8) the field G˜αβ is the dual of Gαβ : G˜αβ =
1
2
ǫαβδρG
δρ; the integration on the
variables αi is performed considering that Dαi = dα1dα2dα3δ(1− α1 − α2 − α3).
Using the normalization of the function ϕP :
∫ 1
0 ϕP (u)du = 1 we recover from Eq. (4.2),
in the soft pion limit q → 0, the leading order expansion of B(q21, q21, 0) in Eq. (3.13), apart
from an overall factor −2mb due to the the different choice of the current interpolating the
B∗∗ in the two cases (vector and scalar, respectively); it should be noticed that the terms
proportional to the mixed quark-gluon condensate appearing in Eq. (3.13) are missing here
since they are related to higher-twist pion wave functions.
The hadronic representation of A(q21, q
2
2, q
2) Eq. (4.1) can be expressed in terms of the
contribution of the lowest-lying resonances B and B∗∗:
Apole(q
2
1, q
2
2, q
2) = GB∗∗BπfBfB∗∗
m2Bm
2
B∗∗
(mb +md)(mb −mu)
1
(m2B∗∗ − q21)(m2B − q22)
(4.9)
in the region m2b ≤ s ≤ s0, m2b ≤ s′ ≤ s′0, and of the contribution of higher states and of
the hadronic continuum. For q1 6= q2 we can perform a double independent borelization
in the variables −q21 and −q22. In this way, the parasitic contributions coming from the
resonance-continuum terms in (4.1) are exponentially suppressed. From Eq. (4.1) we get:
B Ahad = 1
M21M
2
2
1
π2
∫
ds ds′ρhad(s, s
′, q2) exp(− s
M21
− s
′
M22
) (4.10)
where M21 is the Borel parameter associated to the variable −q21 and M22 to −q22 . In this
expression the contribution of the pole reads:
B Apole = 1
M21M
2
2
GB∗∗BπfBfB∗∗
m2Bm
2
B∗∗
(mb +md)(mb −mu) exp
[
− m
2
B∗∗
M21
− m
2
B
M22
]
. (4.11)
On the other hand, borelization of AQCD provides us with the following expression:
B AQCD = 1
M21M
2
2
exp
[
− m
2
b
M2
]{
− 2mb < u¯u >
fπ
M2ϕP (u0)
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− fπM
4
2
ϕ′π(u0) + 2fπ(M
2 +m2b)g
′
1(u0)
+ fπ
M2
2
[ ∫ u0
0
dα3
α3
[χ˜(u0 − α3, 1− u0, α3)− χ(u0 − α3, 1− u0, α3)]
−
∫ 1
0
dα3
α3
(χ(u0, 1− u0 − α3, α3) + χ˜(u0, 1− u0 − α3, α3))
+ 2
∫ u0
0
dα1
∫ 1−α1
u0−α1
dα3
α23
χ(α1, 1− α1 − α3, α3)
]}
, (4.12)
where M2 =
M2
1
M2
2
M2
2
+M2
2
and u0 =
M2
1
M2
2
+M2
2
, ϕ′ = dϕ
du
and g′1 =
dg1
du
. It is worth observing that,
choosing the symmetric point u0 =
1
2
(which corresponds to a quark and an antiquark of the
same momentum inside the pion) Eq. (4.12) is considerably simple, since at this point both
ϕ′ and g′1 vanish. Moreover, at u0 =
1
2
the subtraction of the continuum contribution can be
done by substituting e−
m2
b
M2 → e−
m2
b
M2 − e− s0M2 , at least in the twist 3 contribution [18] (we use
this substitution everywhere in Eq. (4.12) since higher twist contributions are numerically
small). Therefore, we derive the sum rule:
GB∗∗BπfBfB∗∗
m2Bm
2
B∗∗
(mb +md)(mb −mu) exp
[
− m
2
B∗∗ +m
2
B
2M2
]
=
=
{
exp
[
− m
2
b
M2
]
− exp
[
− s0
M2
]}M2fπ
2
{
− 4mb < u¯u >
f 2π
ϕP (u0)
+
∫ u0
0
dα3
α3
[χ˜(u0 − α3, 1− u0, α3)− χ(u0 − α3, 1− u0, α3)]
−
∫ 1
0
dα3
α3
(χ(u0, 1− u0 − α3, α3)) + χ˜(u0, 1− u0 − α3, α3)))
+ 2
∫ u0
0
dα1
∫ 1−α1
u0−α1
dα3
α23
χ(α1, 1− α1 − α3, α3)
}
. (4.13)
Let us now discuss the numerical analysis of Eq.(4.13). In the b-channel we choose
the same values for mb, mB∗∗ and < u¯u > used in Section III. The main nonperturbative
quantities are the twist 3 function ϕP and the combinations χ and χ˜ of twist 4 wave-functions.
We choose the model in Ref. [27], where such quantities have been fixed in the framework of
a systematic expansion in the conformal spin. It turns out that, using ϕP (1/2)|µb = 1.07 [27],
the higher twist contribution in Eq.(4.13) is 2% of the twist 3 contribution, and therefore
the numerical value of ϕP (1/2) represents a crucial quantity in our analysis. We allow the
effective threshold s0 to vary in the range 36 − 40 GeV 2. Moreover, we fix the highest
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value of the Borel parameter M2 in the duality window by imposing that the contribution
of the continuum is 30% of the resonance. In this way we find M2max = 12− 14 GeV 2. The
minimum value ofM2 is usually fixed by imposing that terms proportional to higher powers
of 1/M2 are small enough. Since in Eq.(4.13) such terms are absent, we only look for a
stability region in M2, and choose M2min = 6 GeV
2, which is the same value adopted in the
analysis of gB∗Bπ. With these input parameters we find:
GB∗∗BπfBfB∗∗ = 0.69± 0.14 GeV 3 (4.14)
where the uncertainty is due to the variation of s0 and to the dependence of the numerical
results on M2. Therefore, using the same values of the leptonic constants fB and fB∗∗
adopted in the previous Section, we get: GB∗∗Bπ = 21 ± 7 GeV and, from (3.2), h(mb) =
− 0.52± 0.18.
In the case of the charm sector, we use ϕP (1/2)|µc = 1.14, s0 = 9− 11 GeV 2 and M2 in
the range M2 = 2− 5 GeV 2. We obtain:
GD∗∗DπfDfD∗∗ = 0.21± 0.02 GeV 3 (4.15)
and the results: GD∗∗Dπ = 6.3± 1.2 GeV (using fD and fD∗∗ as in Section III) and h(mc) =
−0.44± 0.09.
A two-parameter fit of the above results in the form
h(m) = h (1 +
σ
m
) (4.16)
gives the result:
h = −0.56± 0.28 (4.17)
and for the parameter σ, σ = 0.4± 0.8 GeV .
Let us now compare these results with those of the previous Section. The values of h
found by the two methods agree with each other. As for the finite mass results, the two
methods sensibly differ (almost a factor of 2) in the case of the charm, while the deviation is
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less important for the case of beauty (around 40%). These differences should be attributed
to corrections to the soft pion limit that have not been incorporated in the results of Section
III.
V. EXCITED HEAVY MESONS WIDTHS
In this Section we apply our results for the strong coupling constants to the calculation
of the hadronic widths of the excited mesons. First of all, we can compute the strong widths
of the decays P0 → Pπ and P1 → P ∗π. Differently from the decays of the positive parity
states having s+ℓ =
3
2
+
, i.e. the states P2 and P
′
1, where the final pion is in D-wave, these are
S-wave decays; moreover, as shown in [11], the single pion channels are expected to saturate
the total widths.
In the mQ →∞ limit one would obtain
Γ(P0 → P+π−) = Γ(P1 → P ∗+π−) = 1
2π
(
h
fπ
)2
∆3 (5.1)
but this formula is of limited significance, especially for the case of charm, due to the large
1/mQ corrections coming from the kinematical factors.
Keeping mQ finite, the formulae become:
Γ(P0 → P+π−) = 1
8π
G2P ∗∗Pπ
[
(m2P0 − (mP +mπ)2)(m2P0 − (mP −mπ)2)
] 1
2
2m3P0
. (5.2)
Using GD∗Dπ = 6.3± 1.2 GeV , GB∗Bπ = 21± 7 GeV , and ∆D = ∆B = 500MeV , one finds
Γ(D0 → Dπ) ≃ 180MeV (5.3)
Γ(B0 → Bπ) ≃ 360MeV . (5.4)
For the decay 1+ → 1−π (P1 → P ∗π) we find
Γ(P1 → P ∗+π−) = G
2
P1P ∗π
8π
[
(m2P1 − (mP ∗ +mπ)2)(m2P1 − (mP ∗ −mπ)2)
] 1
2
2m3P1
×
× 1
3
(
2 +
(m2P1 +m
2
P ∗)
2
4m2P1m
2
P ∗
)
. (5.5)
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In the limit mQ → ∞ Eqs.(5.5) and (5.2) coincide. Notice that we have not computed the
coupling GP1P ∗π. In the infinite-mass limit it coincides with GP ∗∗Pπ and therefore, in order
to estimate the widths of the 1+ states, we assume that this equality holds for finite mass
as well. From Eq.(5.5) we obtain:
Γ(D1 → D∗π) ≃ 165MeV (5.6)
Γ(B1 → B∗π) ≃ 360MeV . (5.7)
Also in this case we have taken mP1 −mP ∗ = 500 MeV (P = B,D) as suggested by HQET
considerations.
In order to perform some comparison with the experimental data, we write down also
the formulae giving the widths of the s+ℓ =
3
2
+
states [11]:
Γ(P 02 → P+π−) =
1
15π
mP
mP2
h′2
Λχ
2
|~pπ|5
fπ
2 (5.8)
Γ(P 02 → P ∗+π−) =
1
10π
mP ∗
mP2
h′2
Λχ
2
|~pπ|5
fπ
2 (5.9)
Γ(P ′01 → P ∗+π−) =
1
6π
mP ∗
mP2
h′2
Λχ
2
|~pπ|5
fπ
2 . (5.10)
The strong coupling constant h
′
Λχ
can be estimated from the decay widths of the charmed
state D2(2460) → Dπ,D∗π; using Γtot(D2) = 21 ± 5 MeV [28], and assuming that only
two body decays are relevant, one gets h
′
Λχ
≈ 0.55 GeV−1. From this result and from Eq.
(5.10) one obtains for the state D′01 the total width Γtot ≈ 6 MeV; on the other hand
the experimental width of the other narrow state observed in the charm sector, i.e. the 1+
D1(2420) particle, is Γtot(D1(2420)) = 18±5 MeV [28]. This discrepancy could be attributed
to a mixing between the D1 and the D
′
1 states [29]. If α is the mixing angle, we have
sin2(α) ≈ 12MeV
Γ(D1)− Γ(D′1)
≃ 0.08 (5.11)
and therefore we get the estimate α ≈ 16o. This determination agrees with the result of
Kilian et al. in Ref. [11].
As for the B sector, evidence has been recently reported of a bunch of positive parity
states B∗∗, with an average mass mB∗∗ = 5732±5±20 MeV and an average width Γ(B∗∗) =
18
145± 28 MeV [30,31]. The observed states can be identified with the two doublets (2+, 1+)
and (1+, 0+). We note that the mass splitting, ∆ = 500 MeV , between S and P states
that we have chosen, agrees rather well with the experimental result in the B sector; our
predictions for the widths, using the experimental value for the B∗∗ mass, are: Γtot(B0) ≃
330 MeV , Γtot(B1) ≃ 300 MeV , Γtot(B2) ≃ 12 MeV and Γtot(B′1) ≃ 10 MeV (we have
neglected here the mixing which is a 1/mQ effect).
It is difficult to perform a detailed comparison of these results with the yet uncomplete
experimental outcome; however, assuming that the result obtained by LEP collaborations
represents an average of several states, its value is compatible with our estimate of the
widths. Opal [31] has also reported evidence of a B∗∗s state with mass mB∗∗s = 5853 ± 15
MeV and width ΓB∗∗s = 47 ± 22 MeV. The width can be interpreted as connected to the
decay B∗∗s → BK, B∗K. Assuming again that the width is saturated by two-particle final
states, and using mB∗∗s = 5853MeV , we obtain:
Γ(B∗∗s (0
+)) ≃ 280MeV (5.12)
Γ(B∗∗s → B∗K) ≃ 200MeV (sℓ =
1
2
+
) (5.13)
Γ(B∗∗s (1
+)) ≃ 0.45MeV (sℓ = 3
2
+
) (5.14)
Γ(B∗∗s (2
+)) ≃ 1.4MeV . (5.15)
Also in this case a detailed comparison with the experimental results cannot be performed
without more precise measurements; we observe, however, that the computed widths of
the different B∗∗s states are generally smaller than the corresponding quantities of the B
∗∗
particles, a feature which is reproduced by the experiment.
VI. EXCITED STATES CONTRIBUTION TO fDS/fD
Aim of this section is to study the contribution of the excited heavy mesons to the ratio
of leptonic decay constants fDs/fD. They are defined as
< 0|d¯γµγ5c|D+(p) >= ifDpµ (6.1)
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< 0|s¯γµγ5c|Ds(p) >= ifDspµ (6.2)
In the chiral SU(3) limit such a ratio is one, and the chiral corrections are expected to
be of the order ms/Λχ. In terms of the fields Ha and ξ defined in Section II, the left-handed
current q¯aγµ(1− γ5)Q corresponds to [3]
Laµ =
i
2
Fˆ < γµ(1− γ5)Hbξ†ba > + . . . (6.3)
where the dots denote terms of higher order in the heavy mass and chiral expansion. At
the lowest order, fDs = fD = Fˆ /
√
mD. The effective couplings of the higher order terms,
contributing to SU(3)-violating corrections to the ratio fDs/fD, are unknown. In addition,
there are non-analytic corrections arising from chiral loops: in previous works [33,34] the
one-loop “log-enhanced” terms of the form m2 log(m2/µ2) (m = mπ, mK or mη) were kept,
giving
fDs
fD
= 1 + 0.07 + 0.21g2 (6.4)
The effective coupling g, appearing in the heavy-light chiral lagrangian (2.5), gives the vertex
D∗Dπ, appearing in the loops.
The loop corrections depend on an arbitrary renormalization point µ: this dependence
is canceled by the µ-dependence of the coefficients of higher order operators, which are here
neglected. When µ is of the order of the chiral symmetry breaking scale Λχ ≈ 1 GeV , these
higher terms do not contain large logarithms and are supposed to be small compared with
the ones coming from the chiral loops.
The excited positive parity heavy mesons contribute to SU(3) violating effects as virtual
intermediate states in chiral loops. In Ref. [12] the “log-enhanced” terms due to these
excited-states loops has been computed: as we will see below, some of them are proportional
to h2 and others depend linearly on h. It has been pointed out that these terms could be
numerically relevant and could invalidate the chiral estimate based only on the states D and
D∗; as we shall see below, however, the terms O(h2) and O(h), while important, tend to
cancel.
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In the following, we will present an independent calculation of the chiral loop contribu-
tions to the ratio of leptonic decay constants, and we will give a numerical estimate obtained
by using the QCD sum rules results for the couplings g and h.
The chiral loop induced corrections to fD and fDs come from the diagrams of figs. 2,3
and 4.
The self-energy diagrams (fig. 2) give the following wave function renormalization factors:
ZD = 1− 3g
2
D
16π2f 2π
[
3/2C1(∆D∗D,∆D∗D, mπ) + C1(∆D∗sD,∆D∗sD, mK) +
1
6
C1(∆D∗D,∆D∗D, mη)
]
+
h2D
16π2f 2π
[3/2C(∆P0P ,∆P0P , mπ) + C(∆P0sP ,∆P0sP , mK)+
+
1
6
C(∆P0P ,∆P0P , mη)
]
(6.5)
ZDs = 1−
3g2D
16π2f 2π
[
2C1(∆D∗Ds ,∆D∗Ds , mK) +
2
3
C1(∆D∗D,∆D∗D, mη)
]
+
h2D
16π2f 2π
[
2C(∆P0Ps,∆P0Ps , mK) +
2
3
C(∆P0P ,∆P0P , mη)
]
(6.6)
where the mass splittings ∆P ∗P = MP ∗ −MP , ∆P ∗Ps = MP ∗ −MPs and ∆P ∗s P = MP ∗s −MP
are O(1/mQ), while the mass splittings ∆P0P = MP0 − MP , ∆P0sP = MP0s − MP and
∆P0Ps = MP0 −MPs between excited and ground states are finite in the limit mQ →∞.
The functions C1 and C come from the loop integration and are defined as:
∫
d4
(2π)4
qαqβ
(q2 −m2)(v · q −∆)(v · q −∆′) =
i
16π2
(C1(∆,∆
′, m)gαβ + C2(∆,∆
′, m)vαvβ)
(6.7)
and
C(∆,∆′, m) = C1(∆,∆
′, m) + C2(∆,∆
′, m) . (6.8)
Performing the integration we obtain:
C1(∆,∆
′, m) =
m3
9(∆−∆′)
[
H1(
∆
m
,m)−H1(∆
′
m
,m)
]
(6.9)
C(∆,∆
′, m) =
2m3
9(∆−∆′)
[
H(
∆
m
,m)−H(∆
′
m
,m)
]
(6.10)
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where
H1(x,m) = −12x+ 10x3 + (9x− 6x3) log(m
2
µ2
) +
− 12(x2 − 1)3/2 log(x+
√
x2 − 1) (6.11)
H(x,m) = −9x3 + (9x3 − 9
2
x) log(
m2
µ2
) +
+ 18x2
√
x2 − 1 log(x+
√
x2 − 1) . (6.12)
The previous results are obtained in a renormalization scheme such that 2
ǫ
+log(4π)−γE+1 =
0.
For ∆ = ∆′, as for the wave-function renormalization factors, we find
C1(∆,∆, m) =
m2
9
H ′1(
∆
m
,m) (6.13)
C(∆,∆, m) =
2m2
9
H ′(
∆
m
,m) (6.14)
where H ′(x,m) = dH(x,m)
dx
.
The diagram of fig. 3 is linear in h (the analogous proportional to g vanishes), and
proportional to Fˆ+, defined in (3.29).
Combining all the diagrams (fig. 2, 3 and 4 ) we obtain:
fD =
Fˆ√
MD
[
1− 1
32π2f 2π
[
3
2
m2π log(
m2π
µ2
) +m2K log(
m2K
µ2
) +
1
6
m2η log(
m2η
µ2
)
]
− 3g
2
D
32π2f 2π
[
3
2
C1(∆D∗D,∆D∗D, mπ) + C1(∆D∗sD,∆D∗sD, mK) +
1
6
C1(∆D∗D,∆D∗D, mη)
]
+
h2D
32π2f 2π
[
3
2
C(∆P0P ,∆P0P , mπ) + C(∆P0sP ,∆P0sP , mK) +
1
6
C(∆P0P ,∆P0P , mη)
]
+
Fˆ+
Fˆ
hD
16π2f 2π
[
3
2
C(∆P0P , 0, mπ) + C(∆P0sP , 0, mK) +
1
6
C(∆P0P , 0, mη)
]]
(6.15)
fDs =
Fˆ√
MD
[
1− 1
32π2f 2π
[
2m2K log(
m2K
µ2
) +
2
3
m2η log(
m2η
µ2
)
]
− 3g
2
D
32π2f 2π
[
2C1(∆D∗Ds,∆D∗Ds, mK) +
2
3
C1(∆D∗D,∆D∗D, mη)
]
+
h2D
32π2f 2π
[
2C(∆P0Ps,∆P0Ps , mK) +
2
3
C(∆P0P ,∆P0P , mη)
]
+
Fˆ+
Fˆ
hD
16π2f 2π
[
2C(∆P0Ps, 0, mK) +
2
3
C(∆P0P , 0, mη)
]]
. (6.16)
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From the previous formulae, using ∆P0P = 0.5 GeV , µ = 1, Fˆ
+ = 0.46 GeV 3/2 and
Fˆ = 0.30 GeV 3/2, one gets numerically:
fD =
Fˆ√
MD
(
1 + 0.09 + 0.11g2 − 0.33h2 − 1.00h
)
(6.17)
fDs =
Fˆ√
MD
(
1 + 0.17 + 0.82g2 − 0.66h2 − 1.15h
)
. (6.18)
In the previous formulae we have kept only the leading order in the 1/mQ, i.e. we have put
∆D∗D = 0 in (6.15) and (6.16): therefore we have to use for the couplings gD and hD the
asymptotic values g and h respectively.
The value of g has been computed with QCD sum rules in [17,18,32], giving a result in
the range 0.2 − 0.4. From (6.17) and (6.18), using g = 0.3 and h = −0.5, we get for the
ratio of leptonic decay constants:
fDs
fD
≃ 1.09 . (6.19)
Without the contibution of the excited states, we would get fDs/fD ≃ 1.13: the contribution
of the excited heavy mesons is slightly negative. Notice that the term in h2 tends to cancel
against the term linear in h; we also observe that its sign is unambiguously fixed by the sum
rule (see Eq.(3.30), since the relevant quantity is the ratio hFˆ+/Fˆ .
The result (6.19) is not very sensitive to the value of the mass splitting ∆D0D. For
instance, if we take ∆D0D = 0.6 GeV we find fDs/fD = 1.12, while for ∆D0D = 0.4 GeV one
obtains fDs/fD = 1.05. We have also checked that (6.19) depends weakly on the value of
the renormalization scale µ.
Keeping only the “log-enhanced” terms of the form m2 log(m2/µ2), the ratio becomes:
fDs
fD
= 1− 1
32π2f 2π
[
m2K log(
m2K
µ2
) +
1
2
m2η log(
m2η
µ2
)− 3
2
m2π log(
m2π
µ2
)
]
×
×
(
1 + 3g2 + h2 +
Fˆ+
Fˆ
h
)
≃ 1.06 (6.20)
The previous formula does not contain the parameter ∆D0D. The quoted number, 1.06, is
for µ = 1 GeV : putting h = 0 in (6.20), one obtains the results of [33,34], i.e. Eq.(6.4). A
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different approximation has been put forward in [12], where also terms ∆2 log(∆2/µ2) are
kept, with numerical results similar to ours.
In conclusion, the contribution of the excited heavy meson states to the ratio of leptonic
decay constants fDs/fD is small and negative. The usual estimate of the SU(3) violation,
including only the state D and D∗, is not destabilized when including excited states, at least
in this case. We stress that this result strongly depends on the sign of h: had it been positive,
the final result would have been substantially different. Therefore we cannot exclude that
for other observables the positive parity heavy mesons give a significant contribution to the
chiral loops. In any case, we point out that the sign of the product Fˆ+/Fˆh, which enters in
the formula (6.20), is unambiguously determined by the sum rule. We also observe that the
sign of h turns out to be negative also in ref. [35], based on a chiral quark model.
The numerical outcome Eq.(6.20) for fDs/fD agrees with the theoretical results obtained
by several groups by different models, e.g. QCD sum rules [36], lattice QCD [37] and
potential models [38]. As for the experimental results, we only have the upper bound [28]
fD ≤ 310MeV (6.21)
from MARK III collaboration [39], and the recent results from three experiments:
fDs = 232± 45± 20± 48MeV (WA75 [40])
fDs = 344± 37± 52± 42MeV (CLEO [41])
fDs = 430
+150
−130 ± 40MeV (BES [42]) . (6.22)
Even though the theoretical value obtained for fDs/fD is still consistent with data in
(6.21),(6.22), it should be noticed that the experimental results for fDs seem to indicate a
value much larger than the theoretical estimates appeared in the literature [36–38], which
might signal a serious theoretical problem. In any event, better quality data are needed
before any conclusion can be drawn.
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VII. CONCLUSIONS
We have computed the strong coupling constant of the positive parity heavy mesons
GB∗∗Bπ and GD∗∗Dπ, by QCD sum rules and light-cone sum rules. In the limit mQ →
∞, the two methods give compatible results, but the 1/mQ corrections are significant and
unfortunately they are rather different in the two approaches. We have applied the results
to the calculation of the hadronic widths of the positive parity B and D states: we have
found that the calculated widths are in any case compatible with the recent preliminary
LEP data on the orbitally excited B mesons. Furthermore, we have computed the chiral
loop contributions of these states to the ratio fDs/fD, and we have found that the chiral
corrections consist of two sizeable quantities, which are however opposite in sign, so that
the prediction for this ratio obtained using only the ground state heavy mesons is not
significantly shifted. This cancellation is likely here to be fortuitous, and in view of the
large value we have found for the coupling constant, leaves open the possibility that chiral
contributions of the excited heavy mesons to other physical observables could instead be
important.
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FIGURES
FIG. 1. The integration region of the double dispersive integral in Eq. (3.11). In the region
D1 only the poles of the B, B
∗ and B∗∗ particles are present, the region D2 includes the hadronic
continuum.
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D DD*
FIG. 2. Self energy diagram
D D**
FIG. 3. Vertex correction involving positive parity heavy mesons
FIG. 4. Vertex correction involving only light pseudoscalar mesons
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